We describe the tensors and spinor-tensors included in the θ-expansion of the ten-dimension chiral scalar superfield. The product decompositions of all the irreducible structures with θ an the θ 2 tensor are provided as a first step towards the obtention of a full tensor calculus for th superfield. * Work supported in part by the World Laboratory.
I Introduction
The field structure of higher dimensional supergravities as well as of N ≥ 3 extended supergra ities is still an open problem. It is an old problem whose general solution was deemed impossib for a while due to some "no-go theorems" [1] establishing the impossibility of writing quadrat Lagrangians for the linearized (free) theory. The underlying problem was the so-called "sel duality counting paradox" [2] which was subsequently resolved [3] by the discovery of the fa that the Lagrangian for the linear theory is not quadratic when is dealing with fields having self-dual field strength.
In particular one would really like to know the auxiliary field structure of 10-dimension supergravity [4] , a theory unaffected by the above mentioned no-go theorems, due to its relevan for string theory applications.
Traditionally the auxiliary field structures for supergravities that are known have always bee found in a rather ad hoc manner by counting degrees of freedom and trying to add suitable ne fields in order to match the bosonic and fermionic degrees of freedom off-shell [5] . It was on later, after the answer was known, that more systematic ways of deriving the result were foun However, for the more complicated theories the auxiliary field structure becomes so complex th it has been impossible to guess. Complicating matters further is the above-mentioned self-duali counting paradox, and we are finally bound to use a systematic approach to solve the problem A fruitful approach in 4 dimensions is the use of the superconformal framework in whic the different Poincaré supergravities correspond to using different compensators to fix the ext degree of freedom [6] . However, while the super-Poincaré algebra remains essentially the same higher dimensions, the same is not true for the superconformal one which acquires a multitud of new generators [7] , which complicates enormously this gauge-fixing procedure. In fact, eve though the complete off-shell structure of ten-dimensional conformal supergravity was obtaine long ago in [8] , a satisfactory off-shell Poincaré version is still lacking (see [9, 10] ).
In ref. [10] it was proposed a linearized off-shell 10-dimensional supergravity adding to th conformal supergravity multiplet a set of 2 full-fledged chiral scalar superfields. However this in all likelihood a reducible version since each chiral scalar superfield contains 3 irreducible piec [11] . Furthermore, the tensorial structure and transformation rules of the component fields w not provided, even at the linearized level.
A second more promising approach is the irreducible superfield method, which has bee successfully used in the N = 1 [12] and N = 2 [13] cases. In working with superfields [1 one is automatically assured that the numbers of fermionic and bosonic degrees of freedom w match, but general superfields are usually objects too large to handle, containing many mo fields that one is interested in, especially in higher dimensions (though some interesting fou dimensional results have been obtained using unconstrained superfields in the so called harmon superspace approach [14] ). That is why the importance of irreducible superfields, which are muc simpler objects satisfying additional supersymmetric constraints. These subsidiary conditions a usually differential equations involving the superspace covariant derivatives, and can be obtaine by applying appropriate projection operators for the corresponding eigenvalues of the Casimi [12] . The Casimir operators for the super-Poincaré algebras in all dimensions are known an they have been used to decompose the 11-dimensional [16] and 10-dimensional massive scal superfields. In the 10-dimensional case, there is an additional interesting complication, name that the lowest (quadratic) Casimir operator C 2 does not distinguish between the 3 irreducib pieces since it has the same eigenvalue for the corresponding representation [11] . Therefo one would have to construct projection operators using the second lowest (quartic) Casim operator C 4 , which does distinguish among those representations, but the resulting differenti equations are so complicated as to render the method impractical. However, this difficul was circumvented by resorting to the Cartan subalgebra in order to obtain simple differenti equations which were used to characterize the irreducible pieces of the massless and massiv 10-dimensional scalar superfield in [17] and [18] respectively. The irreducible superfields we then obtained as expansions in Grassmann-Hermite polynomials, but the field components these non-covariant expressions remained to be sorted out, though in principle it can be done.
In all this one final basic stumbling block remains though: while it is known from grou theory methods what are the fields contained in scalar superfield [19] , it is not known in wh form they appear. In other words, while it is trivial to write the scalar superfield in multispino language:
it is a rather different proposition to extract the irreducible fields with their tensor (non-spino indices out of the χ α 1 ...α j (x) fields. The latter is equivalent to decompose into irreducible pieces a the possible powers of the anticommuting variable θ α , and that is what we will do in this pape The irreducible SO (10) representations contained in the corresponding powers of θ are reproduce in Table 1 . The list is for increasing powers of one of the basic spinorial representations [ 
II Fierz Identity
The 10-dimensional Fierz identity for strictly anticommuting θ's can be put in a very simp formθ
where
(I ±Γ (11) ) are the Weyl projection operators (see Appendix A for our conventions Then one obtains immediately the vanishing of the triple contraction:
Likewise, using the properties the Dirac algebra, it is relatively simple to show that the following double contraction vanishe
For the single trace we get a non-trivial result:
In particular, (2.4) implies the vanishing of the antisymmetric combination:
In fact, (2.4) implies the more powerful and useful result
Therefore we conclude thatθ
is a traceless tensor which contain no antisymmetric parts of more than 2 indices, and must therefore correspond to the represe tation or [2 2].
Finally we are ready to tackle the uncontracted product, and we obtain:
where one has to make use of the Dirac algebra and in particular
Before we can make sense of Eq. (2.7), let us note that if we call:
we get
is clearly traceless by virtue of (2.5) and trivially satisfies
And, since X (±) has five totally antisymmetric indices, it is a good candidate for the oth irreducible piece of the θ 4 sector. This will be confirmed shortly. Then we can rewrite (2.7) as
This equation implies the (anti-) self-duality of X (±)A;B 1 ...B 5 :
thus confirming that it is the missing irreducible piece from the θ 4 sector. Therefore, the basic identity (2.12) gives the decomposition of the general θ 4 tensor in i reducible pieces. It is the basic identity from which all the higher order decompositions mu necessarily follow by appropriate iterative use of it.
In the remainder of the paper we are going to concentrate only on the positive chirality ca θ (+) . To obtain the corresponding results for θ (−) one just has to remember that all the chirali and duality properties are reversed.
III θ 6

Decompositions
In order to simplify notation let us call
Also in the remainder of the paper we are going to use the following letter convention: un contracted indices labeled by the same letter with different subindex are understood to be an tisymmetrized except if the letter involved is S or X in which case they are understood to symmetrized. For instance:
where the square and round brackets are the by now standard notations denoting normalized tot antisymmetrization and symmetrization respectively. This notation will dramatically reduce th need for brackets which would make some formulae otherwise practically impossible to write. Then, Eq. (2.12) becomes:
Eq. (3.3) is equivalent to the following two statements: 
From their definitions and the results of this and the previous section, we get the followin properties:
and
In order to decompose the next product
can proceed to itera (3.3) for the different binary products. After several iterations and a lot of algebra it is possib to obtain the following decomposition:
where S(A, B, C) is the normalized operator that fully symmetrizes on the letters A, B, C. Th last term in (3.10) is automatically symmetric upon interchange of these three letters, as can b easily proven by using the fact that a complete antisymmetrization of 11 indices must necessari vanish. In deriving (3.10) one has to make use of many identities (see Appendix A) which are al consequences of (3.3), specially
which follows almost immediately from (2.6) and (2.3). Eq. (3.11) means that all triple contra tions of M 3 vanish, as it should be since there are no objects with 3 indices in the θ 6 sector. The amount of effort required to obtain (3.10) by iteration of (3.3) makes it clear that a alternative way is needed if one hopes to decompose all the higher order products. Neverthele it illustrates the fact that all the necessary product decompositions are direct consequences the Fierz identity (2.12).
There is a much simpler way to obtain the decomposition (3.10), by systematically removin traces (since the irreducible pieces are traceless) and using the appropriate Young projectors o the traceless parts. This is possible because we already know beforehand what are the irreducib representations involved (see Table 1 ).
Let us begin by removing all the traces from the object:
using the Young projectors correspon ing to the representation (see Table 1 ) whose construction is detailed in Appendix C:
Now we do the same for the uncontracted product
, first remov the traces:
Using some of the identities in Appendix A and the decomposition (3.12)-(3.13) we get
To obtain the traceless part in (3.15), we apply the Young projector corresponding to the repr sentation (≡ for SO(10))
where the last equality follows from the anti-selfduality of
by rotating indice and explicitly displays the aforementioned equivalence of SO (10) representations.
Eq. (3.16) together with (3.15) reproduces for us the decomposition (3.10). We will dela the study of the irreducible pieces of the θ 6 sector until the next section.
where we have twice made use of (2.6) and then (2.3). Thus
Properties (4.2) and (4.4) imply that M ABCD 8
is completely symmetric in all four indices.
The scalar we are looking for is the square of (4.1)
where all the M-factors are equivalent.
Since all the factors in (4.5) are equivalent, there is only one possible expression to be obtaine by removing any one of them and that must be our irreducible piece:
which is obviously antisymmetric in B, C:
but must be totally antisymmetric because it must belong to ≡ [1 1 1] . In order to prov this, we first put it in a more appealing form using the symmetry of the part as well (2.6):
Then, reordering factors and using (2.6) once more we obtain
Properties (4.7) and (4.9) imply that M ABC is completely antisymmetric in all 3 indice From (4.6) and (4.5) we note that
and therefore we have the product decomposition
Not all the factors in (4.6) are equivalent, so now we get two possible structures by removin one factor from M ABC . One is:
which is clearly traceless and, by virtue of (2.6), (2.3), has the symmetry properties:
By using (2.6) in a different way we can also derivê
Combining (4.14) with (4.13) we get
while combining (4.14) and (4.15),
Once we have obtained (4.17) we see that (4.14) and (4.15) simply mean:
Eq. (4.16) tells us that antisymmetrizing on two indices on opposite sides of the comm automatically makes the other pair also antisymmetric. Thus we recognize the object th displays the symmetry of the Young pattern :
However it is interesting to note for reference, the more interesting properties of theM 12 tenso From the definition (4.19) it is clear thatM
is traceless and that it satisfies:
Thus it has the same properties as the tensor M 12 A 1 A 2 ;B 1 B 2 except for nilpotency. Even thoughM 12 and M 12 have apparently different symmetry properties they both hav the same number of degrees of freedom, 770, i.e. the dimension of the irrep.
[22] of SO (10), an they both can be expressed in terms of the other. The inverse of (4.19) iŝ
as can be easily seen by using (4.18). From (4.8) and (4.12) we see that
and then we have for the decomposition of the single contraction:
Eq. (4.23) is easily obtained since it must have that general form and the coefficients are give by the traces of the left-hand side, either zero or (4.22). For the other object we have
Using (4.23) and following the same procedure one derives for the full product
If we remove a different factor from M ABC we extract the new structurê
It has the obvious propertyM
and by applying (2.6) it is also easy to provê
(4.2 which in turn implies:M
However, this object is not irreducible because it is not completely traceless, but rather h two non-vanishing traces:
In order to decompose it one removes the traces and applies the appropriate Young projector:
From (4.33) it is apparent that the second irreducible structure is
From (4.38) and Young-projecting
Eqs. (4.39), (4.40) and (4.35) then give
Finally for the full product
The first structure we encounter by removing a factor fromM 12 AB,CD iŝ
whose symmetry properties are manifest. Its tracelessness follows from these symmetries an from the tracelessness of M 8 S 1 S 2 S 3 S 4 . The object in (4.43) also satisfieŝ 4 and its product decompositions can be derived as before and we just list them:
However, the symmetry properties of the tensorM 10 S 1 S 2 S 3 ;A 1 A 2 are not the ones of the Youn pattern as it is conventionally understood, but it is easy to construct a new tensor whic corresponds to :
But, just like we had in the θ 12 case, both of these objects are equivalent, both are irreducib and carry the same number of degrees of freedom (4312) and they can be expressed in terms each other. The inverse of (4.46) is:
From the definition (4.46) we get the property
The new products are immediately obtained from (4.45):
+ 31η
The second irreducible piece has 7 indices; we can extract a seven-index object by removing on of the factors fromM
to obtain the structurê
It is clear thatM
(4.5
aside from the obvious antisymmetry in A 1 , A 2 and B 1 , B 2 . The object in (4.50) is not irreducible because it is not traceless. Its only non-vanishing trac areM
For N XY ZBA we have
as well as, by using (2.6) in the last two factors,
Iterating (4.54) and using (4.44) one can derive the decomposition
(4.5 and therefore
ABY ;XZ 10 (4.5 expressions that will be needed later. In order to obtain the second irreducible piece of this θ 10 sector we can just project (4.5 according to the pattern . One obtains the structure and it is self-dual:
The list of decompositions is:
(4.6
At the beginning of this section we introduced one of the irreducible parts of the θ 8 secto namely the totally symmetric tensor in (4.1):
Its products with M A 1 A 2 A 3 are particularly easy to decompose using (4.43):
This sector contains two additional irreducible pieces (see Table 1 ). In order to isolate them first we remove one factor fromM
to get the structurê
with the following propertiesM
It is reducible,M
but easy to detrace:
The traceless part is going to contain 2 irreducible pieces corresponding to the patterns and . First, 
giving as the irreducible structure the object
Of course it is completely antisymmetric in the A and B indices separately and, from (4.65 we see that it is symmetric upon interchange of both groups of indices
The remaining important property of this tensor can be derived from the definitions (4.73 (4.64) by using once more the properties of the θ 4 sector,
By using the properties in (4.72) we can write finally for the decomposition in (4.67):
(4.7
In the decomposition (3.10) of the product of three M A 1 A 2 A 3 we have two types of irreducib structures:M
The expression (4.80) trivially satisfieŝ
(4.8
and (2.6) impliesM
The tensor M
must belong to the representation and in order to make th corresponding Young symmetry obvious, we define the new tensor
Both tensors are completely equivalent though, the inverse of (4.84) beinĝ
It is easy to see that M XY ;B 1 B 2 B 3 6 must be symmetric in X, Y :
where we have used (2.6) twice. Thus
The remaining important property of this tensor is 
-Fierz Identity and Γ-tracelessness.
The basic Fierz identity does not need to have four θ's but only three. Thus, (2.1) can be derive from
An immediate consequence of (5.1) is
and using (5.1) and (5.2) one easily obtains
Then one can finally Fierz the general uncontracted product to obtain
after using (5.1-5.3) and the properties of the Dirac algebra. Eq. (5.4) gives us the decompositio of the product M A 1 A 2 A 3 θ into irreducible pieces, and we see that the θ 3 irreducible spinor-tens corresponding to 
which is obviously traceless and by (5.3) also Γ-traceless. Thus, (5.4) means
Of course, this decomposition can be obtained easily by detracing and Young-projecting,
where "Traceless" now means both η-and Γ-traceless and there are no η terms on the r.h.s. b cause the l.h.s. is trivially η-traceless. But the Traceless term in (5.7) vanishes because there a no irreducible objects with 3 tensor indices in the θ 3 sector. The constant a is easily determine by contracting (5.7) with Γ A 1 , to get a = 1 2 and therefore reobtaining (5.6). The fermionic versio of the Young-projector mentioned in the previous paragraph is straightforward enough, but can become quite complicated for higher order decompositions. In order to simplify things, th general way to proceed is as follows. First, we figure out the irreducible objects by contractin as many indices as possible in the product M A 1 A 2 A 3 Θ n so that the number of remaining tens indices are equal to the number of boxes of the corresponding Young-pattern, and then we app the Young-projector to the resulting object. Next, we decompose the M n+1 θ products in term of those irreducible pieces instead of decomposing M A 1 A 2 A 3 Θ n since the former is much easi than the latter in general. Finally, we may use the results of the bosonic decompositions obtain the decomposition of M A 1 A 2 A 3 Θ n , since every fermionic irreducible object Θ n is expresse as some Γ-contraction of M n−1 θ. The procedure will be illustrated in the first few examples the next section.
VI Irreducible Spinor-Tensors.
Unlike in the bosonic case, this time we will proceed forward.
It is easy to obtain the anti-selfdual spinor-tensor corresponding to 
Evidently it is traceless, but it is also Γ-traceless:
where we have used (5.3) as well as (2.6). The anti-selfduality
together with (6.2) imply the property
The second irreducible θ 5 piece is:
Usual tracelessness is also obvious here, while
follows again from (5.3). The other Γ-trace also vanishes:
where we used our old friend (2.6) and (5.3) once more. Lastly, a property inherited fro M With (6.9), (6.10) and (3.5) one can write the more general product
from which in turn we get
For the representation we need an object with 4 tensor indices, so consider
This object is evidently antisymmetric in A 1 , A 2 and in B 1 , B 2 , but it is also antisymmetric upo interchange of both sets of indices:Θ
Normal tracelessness is obvious and Γ-tracelessness follows from that of Θ Also, from the definition we extract the propertieŝ
Clearly, this object must be irreducible; however, the corresponding Young pattern symmetry not manifest, so we define the new object
Again, these two spinor-tensors are equivalent and the inverse of (6.17) iŝ
For the representation we need an object with 3 tensor indices, so try one can also obtain
is symmetric in A, C. In order to show that it is completely symmetri we need to prove symmetry in A, B:
Thus:
Next let us show that it vanishes upon contraction with Γ A ,
as it is clear from (5.5) and (2.3). Now we proceed to list the θ 6 × θ decompositions. First, by Young projection we get
which can also be obtained from (6.21) plus (6.23). For the remaining M
θ produc we have, together with (6.17),
For the representation we first construct the object with 3 indices by contractin
. We definê
Then, we see that the tracelessness ofΘ
is trivially satisfied and the Γ-tracelessness is al immediate from (6.36):
is irreducible, and a useful property ofΘ
can be inferred from the group theor i.e., we must haveΘ
which reflects the fact that we can not have an irreducible object with totally symmetrized indices in θ 11 -sector (see Table1) . In fact, (6.38) can be readily verified from the definition (6.36
Even thoughΘ
is irreducible, its Young symmetry is not manifest, so we need to defin a new object for 
Then, it is obvious from the definition (6.39) and (4.48) that Θ
and the inverse of (6.39) isΘ 4 Turning to the representation , we need an object with 5 totally antisymmetrize tensor indices. Naturally, we define
Again, the tracelessness is trivial, but for the Γ-tracelessness we need a little work:
The irreducible object Θ . In fact, the property (6.45) as well as (6.4) ma be also justified by the fact that:
are irreducible and, (2)we ca not have an irreducible object with 6 fully antisymmetrized indices in the θ 11 -and
is indeed irreducible because it is both η-and Γ-traceless: 4 as can be seen by expanding the bracket. Now let us list the θ 10 × θ decompositions. For M
θ products we first have (6.36 (6.39) and
Then from these two we successively obtain the remaining decompositions:
On the other hand, for M
θ we have (6.42) and (6.4
The only representation we have in this sector is just like in the θ 3 -sector and th means that we need an object with 2 antisymmetric tensor indices again. Let us define
.
(6.5
Then the antisymmetry property of Θ AB 13 is automatically insured as soon as we obtain th following identity. That is, if we use (6.39), (4.48) and the first equation of (4.49), eq. (6.5 becomes
Further, the other expression for Θ AB 13 is also immediately obtained from (6.51) if we use the fir equation of (4.61), and (6.42):
Finally, for θ 15 -sector we have again only one representation, which is and th corresponding irreducible object is a spinor with no tensor indices just like θ, but with opposi chirality in this case. So the only possible candidate for Θ 15 is:
For the decompositions we have
VII Products of M A 1 A 2 A 3 with Spinor-Tensors
In this section we list the products of M A 1 A 2 A 3 with all the Θ n of section VI, since they a another necessary ingredient in the development of the tensor calculus. Other more esoter product identities are given in Appendix B.
(7.
VIII Conclusions
We have presented here in detail the irreducible tensors and spinor-tensors contained in a scal superfield of definite chirality, Φ(x, θ (+) ) in particular but the results for Φ(x, θ (−) ) are trivial obtained making the changes explained in the introduction. The results for the most bas products of these irreducible structures have also been presented as a first step towards a fu tensor calculus. The remaining products can be derived by iteration of the formulae here an will appear elsewhere.
A curious identity in the θ 10 sector that is easy to prove is
as it should be since no such symmetric object is allowed to exist. Next we give a summary of how eq.(3.10) is derived directly from (2.12) or (3.3-3.5). W start with
Expanding the product of the Levi-Civita symbols and using heavily the identities above, on gets after a lot algebra
Iterating this equation, we arrive at
Applying the (normalized) operator S(A, B, C) that fully symmetrizes upon interchange the letters A, B, C, to the equations we have just obtained, we get a system of two equation with solution
Let us now proceed to prove the duality properties of the tensors M 
But:
Now we have to "rotate" indices; that is, from the identity:
we see that 
the desired result. Notice the opposite sign with respect to the θ 4 piece, whose duality w explicitly used. For M CD;B 1 ...B 5 10 the derivation proceeds similarly and again one obtains a resu opposite to the θ 4 one.
the letter convention has been momentarily suspended in (C.4) and (C.5).
So, to obtain the total projection corresponding to the diagram we add the contribution of all the standard tableaux in (C.3)
A comment is in order here. In projecting an arbitrary tensor one obtains a different i reducible representation for each standard tableau [20] . The same is not true here, of cours because of the nilpotency of the θ-tensors. Each irreducible representation appears only on at each level in Table 1 . The number of degrees of freedom are dramatically reduced by th nilpotency of these structures and that is why the problem becomes manageable. For instanc the product M ing the number of independent constraints implied by the conditions on the irreducible piec and otherwise derivable identities, can be an extremely painful task. However, one does not nee to dwell into all that detail, fortunately, but rather proceed to add all the projectors for th different standard tableaux corresponding to a Young diagram in order to consistently extra the unique representation involved in all the cases.
